Experimental Optimum Maximum-Confidence Discrimination and 
Optimum Unambiguous Discrimination of Two Mixed Single-Photon States 
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We present an experimental implementation of optimum measurements for quantum state discrim- 
ination. Optimum maximum-confidence discrimination and optimum unambiguous discrimination 
of two mixed single-photon polarization states were performed. For the latter the states of rank two 
in a four-dimensional Hilbert space are prepared using both path and polarization encoding. Linear 
optics and single photons from a true single-photon source based on a semiconductor quantum dot 
are utilized. 



The discrimination between quantum states in a given 
set of states is a fundamental challenge in quantum com- 
munication and quantum cryptography [l[ . The straight- 
forward way to obtain information about a quantum 
state is a projective measurement on an orthogonal basis 
(von Neumann measurement). For nonorthogonal states, 
where perfect discrimination is impossible, different opti- 
mum measurement strategies have been theoretically de- 
rived and experimentally demonstrated using linear op- 
tics [H. When two input states pi and p2 with respec- 
tive a priori probabilities 771 and 772 are to be discrimi- 
nated without inconclusive results, the minimum overall 
error probability, Pe, is achieved by a projective mea- 
surement on a certain orthogonal basis, yielding the Hel- 
strom bound = i(l - Tr|77ipi - 772/O2I) i^- 

At the expense of admitting inconclusive results where 
the measurement fails to give a definite answer, two 
nonorthogonal density operators pi and p2 can be prob- 
abilistically discriminated without errors, that is unam- 
biguously, provided that their supports [3] are different. 
The optimum measurement for unambiguous discrimi- 
nation is the one which yields the minimum probabil- 
ity of inconclusive results, Qopt- For two nonorthogonal 
pure states \'>pi) and |'02) with equal prior probabilities 
Vi = V2 = 0.5 this minimum is given by Qopt — |(V'i|V''2)| 
[^-l6|. It is achieved by a generalized measurement that 
has been implemented experimentally [7;, The opti- 
mum measurement for unambiguously discriminating be- 
tween a pure state and a mixed state was also derived [9| 
and experimentally realized [10]. For distinguishing two 
mixed states, complete solutions for the optimum mea- 
surement have been obtained for special cases [lll - flij 
and recently a classification of the measurements yield- 
ing optimum unambiguous discrimination between two 
completely arbitrary mixed states has been given jl^. 

For the case when unambiguous discrimination is im- 
possible, the strategy of maximum confidence discrimi- 
nation has been introduced and experimentally re- 
alized for three linearly dependent pure states 18|. The 



confidence Cj in the conclusive measurement outcome 
j is defined as the conditional probability P{pj\j) = 
P{pj,j)/P{j) that the state pj was indeed prepared, 
given that the outcome j is detected [l^l- In other 
words, Cj is the ratio of the number of instances when 
the outcome j is correct and the total number of in- 
stances when the outcome j is detected. If Cj = 1 for 
all j the measurement is unambiguous. The optimum 
maximum-confidence measurement is the one that yields 
the minimum overall probability of inconclusive results, 
Qopt, while the confidence Cj is maximal for all j. For 
discriminating two mixed states this optimum measure- 
ment has been theoretically studied [lOj . 

In this paper we report on the experimental realiza- 
tion of optimum unambiguous discrimination between 
two mixed states, based on a previous proposal The 
states we discriminate belong to a special class of similar 
states, p2 = UpiU'' , where the unitary operator U can be 
decomposed into rotations in two-dimensional subspaces. 
States of this kind have been proposed for secure quan- 
tum cryptography based on two mixed states [2]]| and the 
optimum measurement for unambiguously discriminating 
them has been theoretically derived [ll] . We utilize pho- 
tons from a quantum-dot based true single-photon source 
to produce the mixed states, represented by the photon 
polarization and its spatial paths. So far state discrimi- 
nation experiments IS, 22- 24 1 were mostly based 
on photons from a laser beam, except for two very recent 
ones using photons from parametric down conversion for 
extending the strategy of minimum-error discrimination 
to the availability of multiple copies 25] and to entangled 
states [26]. Applying a part of our experimental setup, we 
also implement a proposed measurement [20| for discrim- 
inating with maximum confidence and minimum proba- 
bility of inconclusive results between two mixed single- 
photon polarization states for photons in the same path. 

Let us first outline the basic ideas. In our experiment 
state preparation for unambiguous discrimination starts 
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from a general mixed single-photon state 

PQ^rix\H)i{H\i+r22\V)2{V\2 + {ri2\H)i{V\2 + B..a..) 

(1) 

where \H)i and \V)i refer to horizontal and vertical po- 
larization, respectively, and the indices i = 1,2 corre- 
spond to the two output ports of a polarizing beam split- 
ter. The state po is transformed with equal probability 
?7i = '72 0-5 either into the state pi or into the state p2 
where 



P2 



(2) 



Here the unitary transformations U^^^ and [7*^^^ are com- 
posed of rotations by an angle a in two mutually orthog- 
onal two dimensional subspaces, spanned by the states 
\H)i and \V)i, on the one hand, and \H)2 and \V)2, 
on the other hand. More precisely, we have C/*^*) = 



(±) 



U^"^' with 



Ul^'\H)i = cosa|i/)i ±sina|y)i = |r±) 
ui'^^\V)2^cosa\H)2±sma\V)2 = \s±) 



(3) 
(4) 



and < a < j. Clearly, the states pi and p2 are two 
mixed states of rank 2 the supports of which jointly span 
a four dimensional Hilbert space. It has been shown 



15l |20| that for these particular mixed states unambigu- 
ous discrimination with minimum failure probability is 
achieved in a generalized measurement which performs 
an optimum unambiguous discrimination between the 
pairs of pure states \r±) on the one hand and \s±) on 
the other hand, yielding the minimum failure probability 
Qopt = cos 2a which does not depend on pQ. 

Before entering the polarizing beam splitter leading 
to the state ([T]), the photon is generated in a general 
mixed single-photon polarization state which can be al- 
ways written as p = p\'ilj){ip\ -I- (1 — p)^- Here p with 
< p < 1 is the degree of polarization, \'tp) denotes some 
pure polarization state, and I2 is the identity operator 
in the two-dimensional Hilbert space. Different mixed 
states of this kind have identical supports and cannot 
be unambiguously discriminated. The maximum confi- 
dences C+ and C_ for discriminating two states p+ and 
p_ defined by 

P±=p|V'±)(V'±l + (l-p)y, |?A±) =cos/3|iJ)±sin/3|l^) 

(5) 

and having equal prior probabilities are jl9j 
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p sin 2(3 



2 2^1 -p2 cos 22/3' 



(6) 



These confidences are achieved in a generalized measure- 
ment, at the expense of a minimum probability of incon- 
clusive results, given by Qopt = _p cos 2/3 13, 2Q|- By con- 
trast to this, the confidences which are obtained without 
inconclusive results when the projective minimum-error 
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FIG. 1. HBT setup, the inset shows the measured second or- 
der correlation function and a fit for the data. The remaining 
counts at r = are due to the time resolution of the HBT- 
setup of 800 ps, which is of the same order of magnitude as 
the characteristic time-scale of the QD source. 



measurement is applied are Cf = = ^{1 + p sin 2/3) 

In our experiment we present an experimental real- 
ization of an unambiguous state discrimination measure- 
ment for two mixed single-photon states, generated from 
a single-photon source. The source consists of an electri- 
cally pumped single InGaAs/GaAs quantum dot (QD), 
embedded in a microcavity. The device has a high sin- 
gle photon emission rate and is capable for operating at 
repetition rates of up to 1 GHz |27'l. In this experiment 
we used cw-excitation. 

The light from the QD sample is coupled into a single 
mode optical fiber. For spectral filtering of a single exci- 
tonic transition in the QD, it passes a fiber-coupled filter 
unit which contains a longpass and a tunable bandpass of 
a width of 1 nm (Fig. [T]). To determine the photon statis- 
tics of the light source, the output of the filter unit was 
coupled into a Hanbury-Brown and Twiss (HBT)-Setup 
(Fig. [1]). The inset of Fig. [T] shows the coincidences 
against the time difference r in detection events in either 
of the two avalanched photodiodes APD start and APD 
stop. Clearly an antibunching dip with 5^^-'(0) = 0.35, 
i.e. nonclassical photon statistics, is observed. 

We experimentally verified that the light from the QD 
has no preferential polarization. However, after the fiber- 
coupled filter unit it is in a partially linearly polarized 
state p = + (1 ~ p)"^ where p — 0.54 was mea- 

sured. In order to test a part of our experimental setup 
(Fig. [2]), we first applied the measurement scheme that 
was proposed for discriminating two partially polarized 
single-photon states with the same degree of polarization 
optimally and with maximum confidence [2(|. At the 
half-wave plates HWPl (HWPl and HWP2) the state p+ 
(p_) as given by ([5]) is prepared with equal prior proba- 
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FIG. 2. Setup for the optimum maximum confidence discrim- 
ination measurement for two equally probable single- phot on 
polarization states p+ and p- of the same purity, as given 
in ((5|. HWP denotes half wave plates, PBS polarizing beam 
splitters, and APDs are single-photon detectors (avalanche 
photodiodes). 



bility. At HWP3 the polarization is turned by 



2p cos 2/3 
TTpcos2^' 



(7) 



at HWP4 by 6*4 = f , and at HWP5 by 6I5 = f as pro- 
posed in [2^ . The results are collected at three avalanche 
photodiodes (APDs), the inconclusive results at APDO 
and the conclusive ones at APDl, indicating the pres- 
ence of p+ , and at APD2 for p_ , respectively. 

Fig. [3] shows the measurement results for the confi- 
dence. The theoretical curve is given by Our exper- 
imental results follow the expected behaviour. However, 
for p = 0.54 the theoretical confidences C± for the imple- 
mented optimum maximum confidence measurement and 
the confidences arising from the projective minimum- 
error measurement differ in less than 0.02 for all angles 
p. This difference is too small to be resolved by the 
experimental data. Yet the experiment confirms stable 
operation of the complex optical setup over days which is 
required for the small single-photon signal, a total count 
rate of around 2000 s~^ was measured when using the 
true single-photon source. 

For the realization of unambiguous state discrimina- 
tion with two mixed single-photon states the setup shown 
in Fig. [2]has to be extended by adding a second path [g^] . 
This setup is shown in Fig. The incoming light passes 
a first polarizing beam splitter (PBSl). The photon state 
after PBSl is given by ([T]). The transformation or 
is done at half-wave plates HWPl, HWPl', HWP2, 
HWP2'. At HWPl and HWPl' the polarization is turned 
by a and —(90 — a), respectively. Thus the state pi is 
prepared according to ([2]). To prepare p2 HWP 2 and 
HWP2' are inserted additionally. After preparation of 
either pi or p2, the states \r±) and \s±) have to be dis- 
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FIG. 3. Measured confidences C+ and C_ against the half 
angle of separation /3 for the cases that p+ (circles) and p- 
(diamonds) were prepared. The dashed line shows the theo- 
retical curve. 
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FIG. 4. Setup for the unambigiuous state discrimination mea- 
surement for two mixed single- photon states pi and p2, as 
given in ((2]). 



criminated at the two different paths of the setup, respec- 
tively. For this task HWP3, HWP3' are set to turn the 
polarization of the light by an angle 9^ = arcsin (tan a) 
and HWP4, HWP4' by 6*4 = f The inconclusive 

results are detected at the avalanche photodiodes APDO 
and APDO'. At the output of each interferometer the 
states |r-(-), \sj^) or |r_), |s_) are transformed to or- 
thogonal states coUinear to |l/)3 ± |77)3 and \ V)i±\H)4^ 
where -|- (-) applies for the case that pi (^2) was pre- 
pared initially. By rotating the interferometer outcomes 
at HWP5, HWP5' by angles of 6I5 = f , = the 
conclusive results for input states pi (P2) are detected at 
APDl (APD2). The setup is equivalent to the one pro- 
posed in [iOl, but requires less detectors. Due to the fact 
that in each interferometer the light in boths arms passes 
the same mirrors and beam splitters the interferometers 
are very stable. We could repeat the measurement on 
following days without any realignment. 

In Figs. [5lja)-(c) the measurement results are shown 
for the two mixed input states pi and p2 . All count rates 
are given in percentage of the sum of count rates on the 
four APDs. The total count rate was typically around 
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FIG. 5. Results for unambiguous state discrimination of two 
mixed single-photon states against the half angle of separa- 
tion a for the cases that pi (circles) and p2 (diamonds) were 
prepared. The dashed lines show the theoretical curves, (a) 
Percentage of inconclusive results, measured on APDO and 
APDO'. (b), (c) Percentage of conclusive results, measured 
on APDl and APD2, respectively, (d) Error rates for the 
conclusive results. The black line is the theoretical limit for 
the von Neumann measurement achieving minimum error dis- 
crimination (see text). 



2000 s~^. Also shown are the theoretical curves, given 
by Qopt = cos 2a for the relative number of inconclusive 
results and 1 — Qopt for the conclusive ones. The non- 
vanishing count rate on APDl (APD2) for the case that 
P2 (pi) was prepared initially is mainly due to imper- 
fections of the optical elements, especially the half-wave 
plates. The experimental error rates are the number of 
counts on the "wrong" APD divided by the number of 
all conclusive results, i.e. the counts on APD2 (APDl) 
divided by the counts on APDl and APD2 for the case 
that pi {p2) was prepared initially. These error rates are 
shown in Fig. [HUd). Also shown is the theoretical error 
rate Pe = 5 — jTr|/5i — P2I for the von Neumann measure- 



ment which discriminates pi and p2 with minimum error 
probability and without inconclusive results (black line) . 
For angles 4° < a < 32° [pi prepared) and 4° < a < 24° 
(p2 prepared) the error rates achieved here experimen- 
tally by following our unambiguous state discrimination 
strategy is smaller than the theoretical error rate for the 
projective measurement achieving minimum error would 
be. The difference in error rates for the two different in- 
put states arises from a slight misalignment of the beam 
when HWP2 and HWP2' are inserted. 

In conclusion, we demonstrated the applicability of our 
true single-photon source based on a single QD as an ap- 
propriate nonclassical light source for testing concepts 
of quantum state analysis. We performed the first ex- 
perimental realization of optimum maximum-confidence 
discrimination and optimum unambiguous discrimina- 
tion between two quantum states which both are mixed. 
These strategies for discriminating mixed states can be 
implemented in quantum information networks where de- 
coherence leading to a mixing of pure states is inevitable. 
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